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Introduction

® Estimating sampling variances are important so that we can construct
large-sample Cls

® Two issues

@ Choice of estimand: average effect in the sample / super-population
® Choice of estimator: for specific method / more general way
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® Recall: Notations

® Expectations and variances without "W" or "sp”: taken over both the
assignment and random sampling from the super-population

® The approximate difference will given as

Vep(7(Xi))

V(F) - Vi(F) = =
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Brief explanations for (1)

¢ Simple example: single pre-treatment variable - sex: X; € {f, m}

® N(f), N(m): number of females and males

Ne(z)= > (1= W), Ne(z) = > Wi, N(z) = Ne(a) + Ny(2)

. X;=x = X=x
yobs () — 1 ). yobs. yobs(p) — 1 _ yobs
0= N ;(1 Wi Y Y0 = ; Wi Y3
1
Tfs(ﬂf) = N(IE) Z (Y;(l) - Y’L(O))
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Brief explanations for (1)

® Suppose that treatment assignment is super-population unconfounded
W; 1L (Y3(0), Yi(1))| X;
Nc(f)v NC(m)7 Nt(f)v Nt(m) >0

e Natural estimators:
797 (x) = V2*(z) — Y2*(x), for z=f;m

pstrat _ N(f) . %dif(j) + N(m) . 7A_dif(

N(f) + N(m) N(f) + N(m) m)
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Brief explanations for (1)

Vw (7% (2)) = ]SVC((Z)) + ]S\;t((fv))
N(f) s:(f) N(m)

vt = (s thm) (iy + o)+ (i) (e i)
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Brief explanations for (1)

Vap(r(X9) = T () — ()2

X
V(f_strat) ~ VW(%strat) + VSP(?\E ))
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The Common Structure of Standard Estimators

® Most estimators for ATE (ex. those in Ch12, Chl17, Ch18) have a
common structure
® Refer to this structure as affine consistency

@ adding a constant ¢; to all observed outcomes for treated units
increases the estimated average causal effect by ¢;

@® adding a constant ¢, to all observed outcomes for control units
decreases the estimated average causal effect by ¢,

© changing the scale of the outcome by multiplying all observed outcomes
by a constant ¢, changes the estimated average effect by a factor ¢,

® Estimator that do not have this property often have particular
unattractive features
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7 =7(YP W, X) = = A YRR — — N1 (2)

b =1 & Wi=0

2=

o \; =AW, Xi, Wy, X(_i)): row exchangeable function in
(W, X(—p)
® Summation restrictions

]\1[2)\1-:1,;@2)%:1 (3)

¢ = W;=0 & W=1

® (2), (3) capture affine consistency

Jihu Lee (SNU) Causal Inference (Imbens, Rubin) August 16, 2022



.1 1
T:ﬁt.z )\Z__Y?bs_ﬁc' /\i.Y?bs
= Wi=1 7 W;=0

e Difference Estimator

7A_dif — S/?bs o S/(C)bs
A; =1, for all ¢
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® Regression Estimator
Y® =a47- Wit B Xi+e
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® Weighting Estimator

1 .
— e(X /Z] =0 T—e(X)) if Wi=0
e(X)/Z]W 1e(X) if Wi=1
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® Subclassification Estimator
® N(j): number of units in subclass j
® N.(j), N¢(j): number of control / treated in subclass j
® B;(j) € {0,1}: binary indicator for unit i falling in subclass j
ystrat _ o1 Bild) - (Ne/Ne(d)) - (NG)/N) - if Wi=0
1 Sl Bild) - (N/Ne(d)) - (NG)/N) - if Wi=1
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® Matching Estimator
® Simple matching estimator with M matches for each treated and

control
1 N
amatch _ NZ“@“) — Y3(0))
i=1
YlObS |f WZ =w

Vi(w) = § Yjeppeqy Y35/M if Wi=1,w=0
iemiy Y3/ M if Wi=0,w=1

® Y;(w) is a linear combination of Y;?bs
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® Super-population conditional statistics
fre(x) = Eep[ Y| Wi = 0, X, = ], puu(2) = Bop[ V2| Wi = 1, X; = 4
oe(x) = V(Y| Wi = 0, Xi = @), 07 (2) = Ve (Y®| Wi = 1, X; = 1)
® Unit-level conditional statistics

pe(X:) i Wy=0

pi = Ep[ Y3 | Wi, Xi] =

o2(X:) ifWi=0

o = Ve Y7 | Wi, Xi] =
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General Formula

Hence,
Vop (71X, W) = Mgt LS a2 (4)
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A Single Exact Match

® Particular 7 with W; = 1, estimate 012
® Suppose A7 st. Wy =W; =1, Xy =X; ==z
® Then,

Eep[ Y™ — Y| X; = Xy = 2, Wy = Wy = 1]
= Bop[(V2™ — p1g) — (Y9 — )| Xi = Xy =2, Wy = Wy =1] =0

Esp|( Y?bs - Y?’bs)2|Xi =Xy =z, Wi= Wy =1]
= Vo (Y| X; = o, W; = 1) 4+ Vo (YO | Xy = o, Wy = 1) = 207(x)

67 = (Y™ — v3)?/2 (5)
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A Single Approximate Match

® | ook for the most similar unit (Ch18)

_ (Yqbs _ Yobs>2/2
(i = pug, + (Y3 = pg) = (Y3 = u))?/2

Esp[671X, W]/2 — 07 = (ni — u,)? /2 + (07, — 07) /2
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A Bias-Adjusted Variance Estimator

Esp[07 X, W1/2 — 07 = (ni — ju)* /2 + (0] — 07)/2

® Number of covariates T = bias T
Eep[ Y™ | Xi, Wi = 1] = Xifi, Eop[ V22| Xy, W; = 0] = Xif,

€; =

Y- Xpe i Wi=0
yobs — X3, if Wy=1

672 = (& - @0)?)2
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Multiple Matches

® (Closest M units in terms of covariate values

R 1 b b
O'?,M:m Z (Y2 — Y?S)Q
7eM!
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An Estimator for the Sampling Variance for the Population
ATE

=1 =1
where 7M3th — ¥;(1) — ¥;(0

7
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Least Squares Sampling Variance Estimators

® Consider the subclassification estimator

® Jsubclasses, B;(j): unit ¢ belongs to subclass j, 7(j): average effect

inj
Z ZT Z ZT Yobs

:B;(j)=1 :B;(j)=1

J . .
() = Sy gzt
j=1
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Bootstrap Sampling Variance Estimators

VPOt = *(# — Tooor)/(B— 1)

b

® No formal justification for the bootstrap for either the
subclassification or the matching estimator
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