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Introduction

• Estimating sampling variances are important so that we can construct
large-sample CIs

• Two issues
1 Choice of estimand: average effect in the sample / super-population
2 Choice of estimator: for specific method / more general way
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Estimands

• Recall: Notations

τfs =
1

N

N∑
i=1

(Yi(1)− Yi(0)), τsp = Esp[Yi(1)− Yi(0)] = Esp[τfs]

VW(τ̂) = EW[(τ̂ − τfs)
2], V(τ̂) = E[(τ̂ − τsp)

2]

• Expectations and variances without ”W” or ”sp”: taken over both the
assignment and random sampling from the super-population

• The approximate difference will given as

V(τ̂)− VW(τ̂) ≈ Vsp(τ(Xi))

N (1)
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Brief explanations for (1)

• Simple example: single pre-treatment variable - sex: Xi ∈ {f,m}
• N(f),N(m): number of females and males

Nc(x) =
∑

i:Xi=x
(1− Wi), Nt(x) =

∑
i:Xi=x

Wi, N(x) = Nc(x) + Nt(x)

Ȳobs
c (x) = 1

Nc(x)
∑

i:Xi=x
(1− Wi) · Yobs

i , Ȳobs
t (x) = 1

Nc(x)
∑

i:Xi=x
Wi · Yobs

i

τfs(x) =
1

N(x)
∑

i:Xi=x
(Yi(1)− Yi(0))

τsp(x) = Esp[Yi(1)− Yi(0)|Xi = x]
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Brief explanations for (1)

• Suppose that treatment assignment is super-population unconfounded
Wi ⊥⊥ (Yi(0),Yi(1))|Xi

Nc(f),Nc(m),Nt(f),Nt(m) > 0

• Natural estimators:
τ̂dif(x) = Ȳobs

t (x)− Ȳobs
c (x), for x = f,m

τ̂ strat =
N(f)

N(f) + N(m)
· τ̂dif(f) + N(m)

N(f) + N(m)
· τ̂dif(m)
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Brief explanations for (1)

V̂W(τ̂ dif(x)) = s2c(x)
Nc(x)

+
s2t (x)
Nt(x)

V̂W( ˆτ strat) =

(
N(f)

N(f) + N(m)

)2

·
(

s2c(f)
Nc(f)

+
s2t (f)
Nt(f)

)
+

(
N(m)

N(f) + N(m)

)2

·
(

s2c(m)

Nc(m)
+

s2t (m)

Nt(m)

)

V̂(τ̂ strat) =

(
N(f)

N(f) + N(m)

)2

·
(

s2c(f)
Nc(f)

+
s2t (f)
Nt(f)

)
+

(
N(f)

N(f) + N(m)

)2

·
(

s2c(f)
Nc(f)

+
s2t (f)
Nt(f)

)
+

1

N · N(f) · N(m)

(N(f) + N(m))2
·
(
τ̂ dif(f)− τ̂ dif(m)

)2

= V̂W(τ̂ strat) +
N(f) · N(m)

N3
·
(
τ̂ dif(f)− τ̂ dif(m)

)2
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Brief explanations for (1)

Vsp(τ(Xi)) =
N(f) · N(m)

N2
· (τ(f)− τ(m))2

V(τ̂ strat) ≈ VW(τ̂ strat) +
Vsp(τ(Xi))

N
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The Common Structure of Standard Estimators

• Most estimators for ATE (ex. those in Ch12, Ch17, Ch18) have a
common structure

• Refer to this structure as affine consistency
1 adding a constant ct to all observed outcomes for treated units

increases the estimated average causal effect by ct
2 adding a constant cc to all observed outcomes for control units

decreases the estimated average causal effect by cc
3 changing the scale of the outcome by multiplying all observed outcomes

by a constant cs changes the estimated average effect by a factor cs

• Estimator that do not have this property often have particular
unattractive features
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Weights

τ̂ = τ̂(Yobs,W,X) =
1

Nt

∑
i:Wi=1

λi · Yobs
i − 1

Nc

∑
i:Wi=0

λi · Yobs
i (2)

• λi = λ(Wi,Xi,W(−i),X(−i)): row exchangeable function in
(W(−i),X(−i))

• Summation restrictions
1

Nc

∑
i:Wi=0

λi = 1,
1

Nt

∑
i:Wi=1

λi = 1 (3)

• (2), (3) capture affine consistency
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Weights

τ̂ =
1

Nt

∑
i:Wi=1

λi · Yobs
i − 1

Nc

∑
i:Wi=0

λi · Yobs
i

• Difference Estimator

τ̂dif = Ȳobs
t − Ȳobs

c
λi = 1, for all i
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Weights

• Regression Estimator
Yobs

i = α+ τ · Wi + β · Xi + ϵi

λols
i =W̄Wi · (1− W̄)1−Wi

·
S2

X(N − 1)/N − (X̄t − X̄c) · (Xi − X̄)

S2
X(N − 1)/N − W̄ · (1− W̄) · (X̄t − X̄c)2
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Weights

• Weighting Estimator

τ̂ ht =
∑

i:Wi=1

Yobs
i

e(Xi)

/ ∑
j:Wj=1

1

e(Xj)
−

∑
i:Wi=0

Yobs
i

1− e(Xi)

/ ∑
i′:Wj=0

1

1− e(Xj)

λht
i =


Nc

1−e(Xi)
/
∑

j:Wj=0
1

1−e(Xj)
if Wi = 0

Nt
e(Xi)

/
∑

j:Wj=1
1

e(Xj)
if Wi = 1
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Weights

• Subclassification Estimator
• N(j): number of units in subclass j
• Nc(j),Nt(j): number of control / treated in subclass j
• Bi(j) ∈ {0, 1}: binary indicator for unit i falling in subclass j

λstrat
i =

{∑J
j=1 Bi(j) · (Nc/Nc(j)) · (N(j)/N) if Wi = 0∑J
j=1 Bi(j) · (Nt/Nt(j)) · (N(j)/N) if Wi = 1
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Weights

• Matching Estimator
• Simple matching estimator with M matches for each treated and

control

τ̂match =
1

N

N∑
i=1

(Ŷi(1)− Ŷi(0))

Ŷi(w) =


Yiobs if Wi = w∑

j∈Mc(i) Yobs
j /M if Wi = 1,w = 0∑

j∈Mt(i) Yobs
j /M if Wi = 0,w = 1

• Ŷi(w) is a linear combination of Yobs
j
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Notations

• Super-population conditional statistics

µc(x) = Esp[Yobs
i |Wi = 0,Xi = x], µt(x) = Esp[Yobs

i |Wi = 1,Xi = x]

σ2
c (x) = Vsp(Yobs

i |Wi = 0,Xi = x), σ2
t (x) = Vsp(Yobs

i |Wi = 1,Xi = x)

• Unit-level conditional statistics

µi = Esp[Yobs
i |Wi,Xi] =

µc(Xi) if Wi = 0

µt(Xi) if Wi = 1

σ2
i = Vsp[Yobs

i |Wi,Xi] =

σ2
c (Xi) if Wi = 0

σ2
t (Xi) if Wi = 1
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.
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.

General Formula

τ̂ =
1

Nt

∑
i:Wi=1

λi · Yobs
i − 1

Nc

∑
i:Wi=0

λi · Yobs
i

=

 1

Nt

∑
i:Wi=1

λi · µi −
1

Nc

∑
i:Wi=0

λi · µi


+

 1

Nt

∑
i:Wi=1

λi · (Yobs
i − µi)−

1

Nc

∑
i:Wi=0

λi · (Yobs
i − µi)


Hence,

Vsp(τ̂ |X,W) =
1

N2
t

∑
i:Wi=1

λ2
i · σ2

i +
1

N2c

∑
i:Wi=0

λ2
i · σ2

i

V̂sp(τ̂ |X,W) =
1

N2
t

∑
i:Wi=1

λ2
i · σ̂2

i +
1

N2c

∑
i:Wi=0

λ2
i · σ̂2

i (4)
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A Single Exact Match

• Particular i with Wi = 1, estimate σ2
i

• Suppose ∃i′ s.t. Wi′ = Wi = 1, Xi′ = Xi = x
• Then,

Esp[Yobs
i − Yobs

i′ |Xi = Xi′ = x,Wi = Wi′ = 1]

= Esp[(Yobs
i − µi)− (Yobs

i′ − µi′)|Xi = Xi′ = x,Wi = Wi′ = 1] = 0

Esp[(Yobs
i − Yobs

i′ )2|Xi = Xi′ = x,Wi = Wi′ = 1]

= Vsp(Yobs
i |Xi = x,Wi = 1) + Vsp(Yobs

i′ |Xi′ = x,Wi′ = 1) = 2σ2
t (x)

σ̂2
i = (Yobs

i − Yobs
i′ )2/2 (5)
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A Single Approximate Match

• Look for the most similar unit (Ch18)

σ̂2
i = (Yobs

i − Yobs
li )2/2

= (µi − µli + (Yobs
i − µi)− (Yobs

li − µli))
2/2

Esp[σ̂
2
i |X,W]/2− σ2

i = (µi − µli)
2/2 + (σ2

li − σ2
i )/2
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A Bias-Adjusted Variance Estimator

Esp[σ̂
2
i |X,W]/2− σ2

i = (µi − µli)
2/2 + (σ2

li − σ2
i )/2

• Number of covariates ↑ ⇒ bias ↑
Esp[Yobs

i |Xi,Wi = 1] = Xiβt, Esp[Yobs
i |Xi,Wi = 0] = Xiβc

ϵ̂i =

{
Yobs

i − Xiβ̂c if Wi = 0

Yobs
i − Xiβ̂t if Wi = 1

σ̂2,adj
i = (ϵ̂i − ϵ̂li)

2/2
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Multiple Matches

• Closest M units in terms of covariate values
σ̂2

i,M =
1

2M
∑

i′∈Mt
i

(Yobs
i′ − Yobs

i )2
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An Estimator for the Sampling Variance for the Population
ATE

V̂W(τ̂) =

N∑
i=1

σ̂2
i · λ2

i

V̂sp(τ(Xi)) =
1

N

N∑
i=1

(τ̂match
i − τ̂)2 − 2

N

N∑
i=1

σ̂2
i

where τ̂match
i = Ŷi(1)− Ŷi(0)

V̂sp(τ̂) = V̂W(τ̂) +
1

N V̂sp(τ(Xi)) (6)

=

N∑
i

σ̂2
i · (λ2

i −
2

N2
) +

1

N2

N∑
i=1

(τ̂match
i − τ̂)2 (7)
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Least Squares Sampling Variance Estimators

• Consider the subclassification estimator
• J subclasses, Bi(j): unit i belongs to subclass j, τ(j): average effect

in j
β̂(j) = (

∑
i:Bi(j)=1

ZT
i · Zi)

−1(
∑

i:Bi(j)=1

ZT
i · Yobs

i )

V̂(τ̂ strat) =
J∑

j=1

(
Nc)j + Nt(j)

N )2 · V̂(τ̂ols(j))
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Bootstrap Sampling Variance Estimators

V̂boot =
∑

b
(τ̂b − τ̄boot)/(B − 1)

• No formal justification for the bootstrap for either the
subclassification or the matching estimator
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